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NULL HYPERSURFACES IN LORENTZIAN MANIFOLDS WITH
THE NULL ENERGY CONDITION
S. AKAMINE, A. HONDA, M. UMEHARA AND K. YAMADA
Abstract. We define ‘light-like completeness’ (‘L-completeness’) of null hy-
persurfaces immersed in a Lorentzian manifold Mn+1
1
, and show that L-
complete null hypersurfaces are totally geodesic if Mn+1
1
satisfies the null
energy condition (NEC). As a consequence, L-complete null hypersurfaces in
a Lorentzian space form are totally geodesic.
1. Introduction
We fix a C∞-differentiable Lorentzian manifold (Mn+11 , gL). A C
2-immersion
F : Λn →Mn+11 defined on an n-manifold Λ
n is called null if the first fundamental
form (i.e. the pull back metric F ∗gL) is positive semi-definite but not positive
definite at all points. Such a null hypersurface F is foliated by light-like geodesics
(see Fact 2.6), and can be constructed locally from a given space-like submanifold
S of codimension 2 inMn+11 . In fact, there are exactly two light-like direction fields
which are normal to S, and two ruled null hypersurfaces in Mn+11 are generated by
these direction fields.
In this situation, the null immersion F is said to be L-complete if for each p ∈ Λn,
there exists a curve γ : R→ Λn passing through p such that F ◦ γ gives a complete
light-like geodesic in the ambient space Mn+11 (cf. Definition 2.7). The purpose of
this paper is to prove the following:
Theorem A. Let F : Λn → Mn+11 (n ≥ 2) be an L-complete null C
2-immersion.
Suppose that the Ricci tensor of Mn+11 is non-negative along light-like directions,
that is, Mn+11 satisfies the null energy condition (NEC). Then, F is totally geodesic
(that is, any geodesic in Mn+11 which is tangent to F (Λ
n) at a certain point lies in
F (Λn)), and the Ricci tensor of Mn+11 vanishes along null directions of Λ
n.
To prove this theorem, we apply a key lemma for Penrose’s singularity theo-
rem on null focal points and the well-known Raychaudhuli equation. A Lorentzian
manifoldMn+11 is called light-like geodesically complete if any light-like geodesics of
Mn+11 can be extended to complete geodesics. It should be remarked that Galloway
[5] showed that if a light-like geodesically complete Lorentzian manifold satisfying
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2NEC contains an achronal complete light-like geodesic L, then L lies on a totally ge-
odesic hypersurface. This result is independent of our result, since the achronality
is not assumed in Theorem A. If a light-like immersion into a light-like geodesi-
cally complete Lorentzian manifold is a proper mapping, then it is L-complete (cf.
Theorem 2.9). Since the inclusion mappings of topologically closed embedded hy-
persurfaces are proper, Theorem A is a generalization of Gutierrez and Olea [7,
Proposition 3.11], where Mn+11 is assumed to have a time-like conformal vector
field.
A Lorentzian space form is a geodesically complete Lorentzian manifold of con-
stant sectional curvature. Since any Lorentzian Einstein manifold satisfies the null
energy condition, we obtain the following corollary:
Corollary B. Any C2-differentiable L-complete null hypersurface immersed in a
Lorentzian Einstein manifold (in particular, in a Lorentzian space form) is totally
geodesic.
We denote by Rn+11 the Lorentz-Minkowski space of signature (+, . . . ,+,−). As
an application of Corollary B, we obtain the following Bernstein-type theorem:
Corollary C ([1, 2]). An entire C2-differentiable light-like graph in Rn+11 is a
light-like hyperplane.
Bejancu, Ferra´ndez and Lucas [3] showed the same conclusion under the as-
sumption that the graph has zero light-like mean curvature. So Corollary C is a
generalization of that. When n = 2, this assertion has been proved in the first,
third and fourth author’s previous work [1] applying Hartman-Nirenberg’s cylinder
theorem. (In fact, null surfaces in R31 are flat surfaces in the Euclidean 3-space,
as pointed out in [1].) After that, this assertion was proved in [2] using a method
which is different from the one in this paper.
The paper is organized as follows: Several fundamental properties of null hyper-
surfaces are discussed in Section 2. Main results are proved in Section 3. Several
related examples are given at the end of this section.
2. L-completeness of null hypersurfaces
Definition 2.1. A C2-immersion F : Λn →Mn+11 is said to be null or light-like if
the pull-back metric ds2 := F ∗gL is degenerate everywhere. Let U be a domain of
Λn. A null vector field on U is a vector field ξ without zeros so that
ds2(ξ,v) = 0 (v ∈ TΛn).
Here, a null vector field may not be defined on the whole of Λn in general.
However, the following assertion can be proved using well-known techniques on
covering spaces.
Proposition 2.2. If Λn does not admit a null vector field defined on Λn, then there
exists a double covering π : Λˆn → Λn so that there is a null vector field of F ◦ π
defined on Λˆn. In particular, if Λn is simply connected, we can take a null vector
field defined on Λn.
So to prove our main results, we may assume that Λn admits a globally defined
null vector field. By Nomizu and Ozeki [11], there exists a complete Riemannian
metric hΛ on Λ
n, and we now choose that metric.
3Definition 2.3. Let F : Λn → Mn+11 be a null immersion. A null vector field ξΛ
defined on Λn is called an hΛ-normalized null vector field if
hΛ(ξΛ, ξΛ) = 1.
Since we assume the existence of a null vector field defined on Λn, the following
assertion follows immediately.
Proposition 2.4. Let F : Λn → Mn+11 be a C
2-differentiable null immersion.
Then, there exists a C1-differentiable hΛ-normalized null vector field ξΛ defined
on Λn up to a ±-ambiguity.
Definition 2.5. A curve γˆ : J →Mn+11 is a light-like pre-geodesic if the image γˆ(J)
coincides with the image of a light-like geodesic σ of Mn+11 .
The following assertion is well-known (see Galloway [6, Proposition 3.1] and also
[12, Corollary B]).
Fact 2.6. Let F : Λn → Mn+11 be a C
2-differentiable null immersion. For each
p ∈ Λn, there exist an open interval I and a C2-regular curve γ : I → Λn such
that γ(0) = p and γˆ := F ◦ γ gives a light-like geodesic of Mn+11 . Moreover, for
an integral curve γ of an hΛ-normalized null vector field, the curve γˆ = F ◦ γ is a
light-like pre-geodesic of Mn+11 .
In particular, any null hypersurfaces are ruled hypersurfaces foliated by light-like
geodesics. Regarding this fact, we define ‘L-completeness’ as follows:
Definition 2.7. A C2-differentiable null immersion F : Λn →Mn+11 is L-complete
if for each p ∈ Λn, there exists a curve γ : R → Λn passing through p such that
F ◦ γ gives a complete light-like geodesic in the ambient space Mn+11 .
We then prove the following assertion, which will play a crucial role in proving
Theorem A:
Proposition 2.8. Let F : Λn → Mn+11 be a C
2-differentiable L-complete null im-
mersion and fix a point p ∈ Λn. We let Σn−1 be an embedded hypersurface of Λn
passing through p which is transversal to a null vector field. Then there exists an
immersion
(2.1) Ψ : R× Σn−1 → Λn
such that R ∋ s 7→ F ◦ Ψ(s, q) ∈ Mn+11 is a complete light-like geodesic in M
n+1
1
for each q ∈ Σn−1, in particular,
(2.2) F ◦Ψ(s, q) = ExpLF (q)(sξˆq) (s ∈ R, q ∈ Σ
n−1)
holds, where ξˆ is a certain light-like vector field along F (Σn−1) and ExpLF (q) is the
exponential map of Mn+11 with respect to gL centered at F (q).
In the case of Mn+11 = R
3
1, null surfaces in R
3
1 are flat surfaces with respect to
the canonical Euclidean metric on R3, as pointed out in the introduction, and the
map Ψ just coincides with the map Φ given in Murata-Umehara [9, Proposition
2.5]. This map Ψ also can be interpreted as a variant of the map Φ in Galloway [5,
Remark IV.1].
4Proof. We let ξΛ be the hΛ-normalized null vector field on Λ
n. Since hΛ is a
complete Riemannian metric on Λn, it is complete as a vector field, and it induces
a 1-parameter group of transformations Φ: R × Λn → Λn. By Proposition A.3 in
the appendix, the following restriction of the map Φ to R × Σn−1 → Λn gives an
immersion. For each q ∈ Σn−1, the curve given by
γq : R ∋ t 7→ Φ(t, q) ∈ Λ
n
is a maximal integral curve of ξΛ emanating from q, and so F ◦ γq gives a light-like
pre-geodesic of Mn+11 . It is well-known that one can find a parameter s defined
on an interval J(⊂ R) and a smooth function t = t(s, q) such that J ∋ s 7→
F (γq(t(s, q))) ∈ M
n+1
1 gives a maximal light-like geodesic, and ∂t(s, q)/∂s 6= 0.
Since F is L-complete, the image of the maximal integral curve of ξΛ by F coincides
with the image of a complete light-like geodesic. Therefore, we may assume that
J = R. So we get an immersion defined by
Ψ : R× Σn−1 ∋ (s, q) 7→ Φ(t(s, q), q) ∈ Λn,
which has the desired properties, by setting
ξˆq :=
∂F (γq(t(s, q)))
∂s
∣∣∣∣
s=0
.

To end this section, we prove the following assertion:
Theorem 2.9. Let Mn+11 (n ≥ 2) be a light-like geodesically complete Lorentzian
manifold. Then, any C2-differentiable proper null hypersurfaces immersed in Mn+11
are L-complete.
Proof. By Nomizu and Ozeki [11], there exists a complete Riemannian metric gR
onMn+11 . We fix this Riemannian metric gR. Let F : Λ
n →Mn+11 be a proper null
immersion. By taking a universal covering of Λn, we may assume that Λn is simply
connected. We let hR := F
∗gR be the Riemannian metric on Λ
n, which may not
be complete in general.
We shall now prove that hR is a complete metric under the assumption that F
is proper. These two metrics gR and hR induce distance functions dM on M
n+1
1
and dΛ on Λ
n which are compatible with respect to the topologies of Mn+11 and
Λn, respectively. Then the following inequality holds:
(2.3) dΛ(p, q) ≥ dM (F (p), F (q)) (p, q ∈ Λ
n).
Let {pj}
∞
j=1 be a Cauchy sequence of (Λ
n, dΛ). By (2.3), {F (pj)}
∞
j=1 is also a Cauchy
sequence of (Mn+11 , dM ). Since gR is a complete Riemannian metric, {F (pj)}
∞
j=1
converges to a point Q ∈ Mn+11 . Consider a geodesic ball BQ(r)(⊂ M
n+1
1 ) with
respect to gR of radius r centered at Q. If r is sufficiently large, {F (pj)}
∞
n=j lies
in BQ(r). Since F is a proper map, F
−1(BQ(r)) is a compact subset of Λ
n. Since
{pj}
∞
j=1 lies in F
−1(BQ(r)), the sequence {pj}
∞
n=j has an accumulation point q.
Since {pj}
∞
j=1 is a Cauchy sequence, it must converge to a point q. Thus (Λ
n, dΛ)
is complete as a metric space, and hR is a complete Riemannian metric on Λ
n.
Since Λn can be assumed to be simply connected, we can take a null vector field ξ
without zeros defined on Λn. We then consider the null vector field
ξR := ξ/
√
hR(ξ, ξ).
5Since ξR is a unit vector field with respect to the complete Riemannian metric hR,
it is a complete vector field on Λn. Then each maximal integral curve γ(t) of ξR
is defined on R. We set γˆ(t) = F ◦ γ(t). To complete the proof, it is sufficient to
show the following lemma: 
Lemma 2.10. Let Mn+11 be a light-like geodesically complete Lorentzian manifold.
If γˆ : R → Mn+11 is a pre-geodesic such that gR(γˆ
′(t), γˆ′(t)) = 1 for each t ∈ R,
then γˆ is L-complete.
Proof. We set P := γˆ(0) ∈Mn+11 . By Fact 2.6, we have γˆ(R) ⊂ L, where L is the
image of a complete light-like geodesic in Mn+11 . Suppose that γˆ(R) is a proper
subset of L. We can take a point Q ∈ L\ γˆ(R). Then the length of a segment [P,Q]
of L (with respect to the metric gR) bounded by P and Q must be finite. However,
this contradicts that the subarc γˆ([0,∞)) of the segment [P,Q] has infinite length
with respect to the metric gR. 
3. Proof of Main results
In this section, we assume that the Ricci tensor of Mn+11 is non-negative along
light-like directions (that is, Mn+11 satisfies the null energy condition).
Let F : Λn → Mn+11 (n ≥ 2) be a C
2-differentiable L-complete null immersion.
We fix a point p ∈ Λn and a non-zero tangent vector v ∈ TpΛ
n arbitrarily. Then
there exist a positive number ǫ and a unique geodesic γˆ : (−ǫ, ǫ)→Mn+11 such that
(3.1) γˆ(0) = F (p), γˆ′(0) = dF (v).
(Proof of Theorem A.) Since the desired conclusion is local, we can take a non-
vanishing null vector field ξ defined on a sufficiently small coordinate neighborhood
(U, u1, . . . , un) at p. Since the images of integral curves of ξ by F are light-like
pregeodesics and light-like pregeodesics turns into geodesics by suitable changes of
parameter, we may assume that ∇ξ ξˆ = 0. Here, the ∇ is the Levi-Civita connection
on (Mn+11 , gL) and ξˆ = dF (ξ). To prove Theorem A, it is sufficient to show that
γˆ lies on the image of F . If v is proportional to ξ, we have already seen that γˆ is
a pre-geodesic of Mn+11 which lies in F (Λ
n). So we may assume that dF (v) is a
space-like vector.
Using the coordinate system (U, u1, . . . , un), one can construct space-like vector
fields S1, . . . , Sn−1 (called screen vector fields) such that
S1, . . . , Sn−1, ξ
give a frame field of Λn on U . Then we can take a unique vector field η of Mn+11
defined on U such that
gL(η, η) = 0, gL(ξˆ, η) = 1, gL(Sˆi, η) = 0 (i = 1, ..., n− 1),
where Sˆi := dF (Si) (i = 1, . . . , n − 1). Using this, we can define a torsion-free
connection D on U satisfying
∇dF (X)dF (Y ) = dF (DXY ) +B(X,Y )η
for each pair of vector fields X,Y on U , where B(X,Y ) is a covariant symmetric
tensor defined on U . Then, there exists a D-geodesic (i.e. a geodesic with respect
to D) γ : [−ǫ0, ǫ0] → U such that γ(0) = p and γ
′(0) = v, where ǫ0 > 0. We can
choose ǫ0 so that γ is an embedding. By a standard orthogonalization procedure,
we can take linearly independent vector fields V0, V1, . . . , Vn−2 along γ such that
6(a) V0(t) coincides with γ
′(t), and each Vi(t) (i = 0, ..., n− 2) is expressed as a
linear combination of {Si}
n−1
i=1 at γ(t),
(b) gL
(
dF (V0(t)), dF (Vj(t))
)
= 0 for j = 1, ..., n− 2 and t ∈ (−ǫ0, ǫ0), and
(c) gL
(
dF (Vi(t)), dF (Vj(t))
)
= δij holds for i, j = 1, ..., n−2 and t ∈ (−ǫ0, ǫ0),
where δij is the Kronecker’s delta.
It is sufficient to prove F ◦ γ = γˆ. For a sufficiently small δ(> 0), we set
Ω := {(t0, t1, ..., tn−2, u) ∈ R
n ; |t0| < ǫ0, |u|, |ti| < δ (i = 1, ..., n− 2)}.
We define a map ϕ : Ω→ Λn by
ϕ(t0, t1, ..., tn−2, u) := Exp
D
γ(t0)
(
uξγ(t0) +
n−2∑
i=1
tiVi(t0)
)
,
where (t0, t1, ..., tn−2, u) ∈ Ω and Exp
D
q is the exponential map with respect to
the connection D centered at q ∈ Λn. Since γ is an embedding, ϕ gives a local
coordinate system of Λn. For u ∈ (−δ, δ), we set
Ωu := {(t0, t1, ..., tn−2, u) ∈ Ω ; |t0| < ǫ0, |ti| < δ (i = 1, ..., n− 2)},
and denote by ϕu the restriction of ϕ to Ωu. Then {ϕu(Ωu)}|u|<δ is a family
of embedded hypersurfaces in Λn which is transversal to ξ. We fix u ∈ (−δ, δ)
arbitrarily, and let
Ψu : R × Σ
n−1
u → Λ
n
be the map given in Proposition 2.8 by setting Σn−1u := ϕu(Ωu). Then Ψˆu := F ◦Ψu
is a L-complete null immersion. Since Mn+11 satisfies the null energy condition, the
mean curvature vector field Hu(t0, t1, ..., tn−2) of F (Σ
n−1
u ) satisfies, by [10, Prop.
43 in Chap. 10],
(3.2) (Hu :=)gL(Hu, ξˆ) = 0.
In fact, if we set σ(t) := Ψˆu(t, q) (q ∈ Σ
n−1
u ) and if Hu = gL(Hu, σ
′(0)) 6= 0,
then there exists a focal point of F (Σn−1u ) on σ(R). However, this contradicts the
expression (2.2), since F ◦ Ψu is an immersion. It can be easily checked that the
function
(t0, t1, ..., tn−2, u) 7→ Hu(t0, t1, ..., tn−2)
defined on Ω coincides with the light-like mean curvature function Hξ with respect
to F ◦ ϕ up to a constant multiple (cf. [5, (II.1)] and [4]). Then the identity (cf.
[4, (13)]), which is equivalent to the Raychaudhuli equation [5, (II.4)],
ξ(Hξ) = −Ric(ξˆ, ξˆ)− Trace(A
2
ξ)
yields that Aξ(Vi(t)) = 0 for i = 1, ..., n− 1, where Ric is the Ricci tensor of M
n+1
1
and Aξ is the shape operator on the distribution spanned by {S1, ..., Sn−1}. We
have that
B(Vi, Vj) = gL(∇ViVj , ξ) = −gL(Vj ,∇Viξ) = gL(Vj , Aξ(Vi)) = 0.
Since B(ξ,X) = 0 for any tangent vector X of Λn, we have B = 0 and Ric(ξˆ, ξˆ) = 0
along γ. Then, using the fact that γ is a D-geodesic, we have
∇(F◦γ)′(F ◦ γ)
′ = dF (Dγ′γ
′) +B(γ′, γ′) = B(γ′, γ′) = 0.
7So F ◦ γ is a geodesic of Mn+11 , and hence we can conclude that F ◦ γ = γˆ. 
Proof of Corollary C. Since the graph of an entire function f is properly embedded,
the assertion follows from Theorem A, Theorem 2.9 and Corollary B. 
We give here several examples:
Example 3.1. We set
S31 := {(t, x, y, z) ∈ R
4
2 ; −t
2 + x2 + y2 + z2 = 1},
which gives the de Sitter 3-space of constant curvature 1. Then
F (s, t) := (t, cos s, sin s, t)
gives an L-complete totally geodesic null surface in S31 .
Example 3.2. Similarly, we set
H31 := {(t, x, y, z) ∈ R
4
2 ; −t
2 − x2 + y2 + z2 = 1},
which gives the anti-de Sitter 3-space of constant curvature −1. Then
F (s, t) := (t, cosh s, sinh s, t)
gives an L-complete totally geodesic null surface in H31 .
Example 3.3. We set
M31 := {(t, x, y, z) ∈ R
4
2 ; −x
2 + y2 + z2 = −1, x > 0}.
Then M31 is a product R × H
2, where H2 is a hyperbolic plane. An embedding
defined by
F (s, t) := (t, cosh s cosh t, sinh s cosh t, sinh t)
is L-complete and null. However, F is not totally geodesic. In fact, M31 does not
satisfy the null energy condition.
Appendix A. A lemma on complete vector fields
We recall the definition of completeness of vector fields as follows:
Definition A.1. Let X be a vector field defined on an n-manifold Mn. Then X
is called complete if for each p ∈ Mn, there exists a curve γ : R → Mn such that
γ(0) = p and γ′(t) = Xγ(t) for t ∈ R.
The following fact is well-known (cf. [8, Theorem 2.95]):
Fact A.2. Let X be a complete vector field defined on Mn. Then it induces a 1-
parameter group of transformations ϕt : M
n →Mn such that R ∋ t 7→ ϕt(p) ∈M
n
is an integral curve of X passing through p ∈Mn at t = 0.
We prove the following fact:
Proposition A.3. Let X be a complete vector field defined on Mn and fix a point
p ∈ Mn arbitrarily. Let Σn−1 be an embedded hypersurface of Mn passing through
p. Suppose that X is transversal to Σn−1. Then the map defined by
Φ: R× Σn−1 ∋ (t, p)→ ϕt(p) ∈M
n
gives an immersion.
8Proof. Since each ϕt is a diffeomorphism onM
n, the restriction of ϕt to Σ
n−1 is an
immersion for each t. In particular, the rank of Jacobi matrix of Φ is greater than
or equal to n− 1 at p. Since X is transversal to Σn−1, the fact that ϕt : M
n →Mn
is a diffeomorphism yields that
Xϕt(p) =
dϕt+s(p)
ds
∣∣∣∣
s=0
= (dϕt)p(Xp)
is transversal to ϕt(Σ
n−1). Thus, the rank of Jacobi matrix of Φ must be equal to
n at (t, p). 
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